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Abstract 
Here, we suggest a new algorithm to study the local fractal properties of airborne spectrometric data considered as 
2D-mBm paths. This algorithm is first validated on synthetic two-dimensional multifractional Brownian motion 
(2D-mBm) paths, and then implemented on natural Gamma rays measurements recorded in Hoggar (Algeria). The 
regularity (Hölder exponent) maps obtained from the different channels (K, Th and U) show a strong correlation. 
Besides, these maps allow depicting the location of some faults affecting the studied area, especially the main 4°50’ 
fault. Our findings show that the Hölder exponent can then be used as a tool for the geological characterization.  
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1. Introduction 
The image processing using the fractal model is receiving an increasing interest in several fields [7]: geophysics 
[13,14], computer graphics [15,16], turbulence phenomena [1,2], classification and segmentation [11,12]. 
The conventional image processing approaches are generally based on two-dimensional fractional Brownian 
motions (2D-fBms). These models are parameterized by a self-similarity parameter 0<H<1, known as a Hurst 
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exponent. It is shown that H is almost surely equal to the Hölder exponent. Therefore, H value quantifies the global 
regularity degree; the higher H value, the smoother the signal.  
Due to the fact that 2D-fBm processes show everywhere the same regularity degree, equal to H value, they don’t 
suit to study real signals with a time/space-dependent regularity. This shortcoming is resolved by introducing a more 
general framework the 2D- multifractional Brownian motions (2D-mBms). 
This paper is structured as follows. A mathematical background of fractal models is presented. Then, we detail 
the algorithm suggested of identification of the Hölder exponent. The suggested algorithm is first tested on synthetic 
2D-mBms data, and then implemented on airborne spectrometric measurements recorded in the Hoggar area 
(Algeria). 
2. Theory 
2.1. Pointwise Hölder exponent 
Recall that the pointwise Hölder exponent of a stochastic process X at 0t is defined by:  
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The value of this exponent varies between 0 and 1, and the closer  0tĮX  is to 1, the more regular the process X 
is in the neighborhood of t0. 
2.2. Two-dimensional fractional Brownian motion (2D-fBm)  
The two-dimensional isotropic fractional Brownian motion with Hurst parameter H is a centered Gaussian field
HB suh [18]: 
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where 2, Ryx &&  and . is the usual Euclidian norm.   
Fractional Brownian motion is an extension of the ordinary Brownian motion. For H=1/2, the fractional Brownian 
motion is reduced to a Wiener process. 
The pointwise Hölder exponent  xĮ
HB
&
 measures the regularity degree of the 2D-fBm. It is shown that, almost 
surely, for all 2Rx
&
:   HxĮ
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. As a result, the higher the H value, the smoother the 2D-fBm paths. 
2.3. Two-dimensional multifractional Brownian motion (2D-mBm) 
For a continuous function   RRxH o2:& , the isotropic multifractional Brownian field  xHW &   is a centered 
Gaussian field with a covariance function [18]: 
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Identically to the 2D-fBm, the local regularity of the 2D-mBm paths is measured by means of the pointwise Hölder 
exponent. For a differentiable function H, the relation    xHxĮ
HB
&&
  is demonstrated, almost surely, for all 2Rx
&
.
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3. Pointwise regularity estimators of mBm paths  
3.1. One-dimensional Peltier and Lévy-Véhel algorithm (1D-PLV)                                                                            
For a 1D-mBm process   NjjX dd0)( , Peltier and Lévy-Véhél [17] show that the local Hölder function H(t) at 
point Nit )1(   is given by: 
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where the local growth of the increment process is defined by :   
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with  k  the length of the fixed window, and m  the largest integer not exceeding kN ; 
3.2. Generalization of the 1D-PLV algorithm to 2 dimensions  (2D-PLV)   
The basic idea of extending 1D-PLV algorithm to the two-dimensional case consists of considering the Laplacian 
of the 2D-mBm path  
ji NjNi
jiX dddd 0,0),( instead of its increment process. Then, the constants mi and mj are 
introduced with respect to the i- and j-directions, respectively, into the resulting formula of the local growth of the 
2D-mBm path,  jiS
jjii NkNk
,,,, , given by: 
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with ii Nk 1  and jj Nk 1 .   
where ik and jk are the respective lengths of the fixed windows with respect to i- and j-directions; im and jm  are 
the largest integers not exceeding respectively ii kN  and jj kN ; 
The estimator of the local Hölder exponent H(ti,tj) at point  jjii NjtNit )1(,)1(    is given by: 
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4. Application to simulated 2D-mBm paths 
First, the suggested algorithm is tested on simulated 2D-mBm paths. Three 2D-mBm paths with a sampling 
number of 256x256 are shaped using the kriging method [3]. The considered types of the test Hölder function H, 
chosen as examples, are given by: 
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x exponential :     216.02.0, 211 xxexxH    
x logarithmic :      .3log1log5.02.0, 21212 xxxxH   
x periodic :     ¸
¹
·¨
©
§ 21213 2
3cos2sin3.05.0, xʌxʌxxH  
Fig. 1. A 3D-view and a XY-plan projection of 2D-mBm paths simulated with the theoretical H functions.  Top: exponential, Middle: logarithmic 
and Bottom: periodic  
The simulated 2D-mBm corresponding to the considered H functions are illustrated by figure 1. As it can be 
noted from Figure 2, the regularity maps obtained using the proposed algorithm shows H exponent values very close 
to the theoretical ones. The estimation error is ranged from -0.2 to +0.2 and large absolute values are located in the 
limits of the analyzed 2D-mBms paths.  
5. Application on airborne natural radioactivity recorded over the Hoggar area   
The Hoggar is a large shield area covering approximately 550,000 km2. It belongs to the Trans-Saharian pan-
African chain [6,10]. It is traversed by two most important submeridian faults, located at longitudes 4°50'E and 
8°30'E, which define three longitudinal compartments (Eastern, Central and Western), with different structural and 
lithological characteristics (Fig. 3).  
In this section, we analyze the airborne measurements of Gamma Ray recorded in the three channels: Potassium 
(K), Thorium (Th) and Uranium (U) over a Hoggar area defined by the following geographical coordinates (Fig. 4):  
Longitude: 3° 13’ 58’’- 6°59’ 26’’ E, and latitude: 20° 27’ 35’’-25° 06’ 37’’N. 
The data analyzed in this study is acquired during a magneto-spectrometric survey performed between 1971 and 
1974 for regional cartography purposes. The average flight heights of the airborne survey is about 150m, while the 
GLVWDQFHEHWZHHQREVHUYDWLRQSRLQWVDQG OLQHVDUH UHVSHFWLYHO\ǻ[ PDQGǻ\ P0RUHGHWDLOVRQ WKLV
airborne survey are available in previous researches [4,8]. 
According to the results obtained in previous researches [9], the airborne natural Gamma rays measurements 
exhibit a fractal behavior. In addition, it is shown that the pre-processing operations (corrections of aircraft 
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background, stripping effect and height effect) don’t affect the local fractal behavior, thus they are not needed to 
perform a fractal analysis.  
 
Fig. 2. Regularity functions estimated by the suggested algorithm from the simulated 2D-mBm paths of figure 1. Top: exponential H function, 
Middle: logarithmic H function and Bottom: periodic H function. The columns from left to right represent: (1) The theoretical H function, (2) The 
estimated H function, (3) The estimation error function calculated as the difference between the estimated and the theoretical H functions.  
Fig. 3. A geological map of the studied zone (modified from [5]). 1- Archaean granulites; 2 - Gneiss and metasediments, series of Arechchoum 
(Pr1); 3 - Gneiss with amphibole facies, series of Aleskod (Pr2); 4 - Indif gneiss. (Pr3); 5 - Pharusian Greywackes;  6 - Arkoses and 
conglomerates, series of Tiririne (Pr4); 7 - Volcano-sediments of Tafassasset (Pr4); 8 - Molasses (purple series) of Cambrian; 9 – Pan-African 
syn-orogenic granites; 10 - Pan-African Granites; 11 - Pan-African post-orogenic granites; 12 - Granites of Eastern Hoggar; 13 - Late pan-
African Granites; 14 - Basalts and recent volcanism; 15 - Paleozoic cover; 16 - Fault. 
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Fig. 4. Interpolated Gamma Ray measurements (in counts per second, cps) corresponding to the channel: (a) K, (b) Th and (c) U. 
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Fig. 5. Regularity maps obtained by the suggested algorithm from the airborne Gamma Ray measurements represented respectively in Fig. 4. 
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(b) 
4°50’E Fault 
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4°50’E Fault 
4°50’E Fault 
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The application of the suggested algorithm on the raw airborne spectrometric measurements allows establishing 
Hölder exponent maps (Fig. 5). The regularity maps obtained for the three channels illustrate approximately the 
same fractal behavior over the investigated region. That is corroborated by the high correlation coefficients: 0.91, 
0.93 and 0.95 obtained respectively from the H maps corresponding to K-Th, K-U and Th-U channels. 
To determine the correlation between faults and H exponent, the faults network of the studied area is reported on 
the regularity maps. A worthwhile result is that the main fault (4°50’E fault) is recognized on all the obtained 
regularity maps, and corresponds generally to the local minima of H values. Nevertheless, a few of these local 
minima values may be due to minor faults which have to be confirmed by detailed geological maps.  
6. Conclusion 
This study illustrates that the fractal analysis of airborne Gamma Ray measurements can bring additional 
information to the conventional analysis. A clear correlation is drawn between the Hölder exponent maps obtained 
by the suggested algorithm from the different channels (K, Th and U). Moreover, the regularity maps enabled us to 
recognize some fault locations which are generally associated with the local minima of H values. Therefore, the 
regularity property may be an efficient tool to identify the tectonic events (faults) affecting the studied region.  
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